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ON CERTAIN NUMERICAL PRODUCTS IN 
WHICH THE EXPONENTS DEPEND 
UPON THE NUMBERS. 


By J. W. L. Glaisher. 


Ratios of products in which the exponent is the same as the 
number, $5 1—17. 


$1. In Vol. vr. (pp. 71-76) of the Messenger an expression 
was obtained for the value of the quotient 


Prinos 
ICE A RETTE Y edi 


when » is very large. It is only recently that I have noticed 
that a similar method enables us to assign the value of the 
produet 


9*. 5*.8*. 11"... (8n 2)" . 
1.4.1,10" 4. (8n-- D^ 7 
$2. Proceeding as in Vol. vI., p. 189, let 


»-(152) 622) 622) - 652) 
Poot adt ic + pa + ta’ + Ke. 


x a? x a" 
42(F+d Gt dpt ge) 


then 


+3(F+aSt bite) 
+n(2+45445 +45 +é) 
=n + $N 184 H Na e, 


hh sd 
wh ET Web ee i 
ere S, Dtytztgt& 


* ‘On a numerical continued product, Messenger, Vol. VL, pp. 71—76, and 
‘Further note on certain numerical continued products, Vol. vI., pp. 189—192, 
Other papers connected with the same subject, and which are referred to in the 
present paper, are ‘On the numerical value of a certain series,’ Proc. Lond. Math. 
Soc., Vol, vitL., pp. 200—204, and ‘ Proof of Stirling's theorem 1.2.9... n z: (2am) n"e”, 
Quart. Journ, Math., Vol. XV., pp. 57-64, 
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Thus 


( xd t + 3 ( 2 z ie | 
1-2] 2-2] \3—2/.° A 


m ce Anu T 28,205 + 38x + &c. 


$3. Putting z— in this result, we find 
47.10... (30 +1)" d» dE rigore 
39558 ..(8n—1) - , 
whence, cubing each side, 


4.7.10... (30 +1)” _ o» s HA 
2.5.8" ...(3n— 1)” 


Now 1.2.3.4...(3n +1) = V(2m) (3n 4 1) "tte" 
nj —3 
= (2v) (3n). ig d 
n+ — 
and 3.6.9...3n 2 8^ (27) n e"; 
80 that, by division, 
1.2.4.5. 1... (8n 4 1) e e "gn oH 


1 T 
—'+ &c. 
’ 


Multiplying the above quotient by this product, we have \ 

1. 4*. T... (3n + 1)? 
WSOP" 

The values of S, S, S, ... have been tabulated *, so that 
the caleulation of the series in the exponent presents no 


difficulty. 


1 1 
= 1/3 (anyone Mte 


$4. The exponent in the general formula of § 2 is 
28,2 --2Sa + ¢8,a' + &e.; 


and this series may be readily expressed as an integral. 
For, we have 


1 
T cot wx — —=— 28,2 -28,2°— 28,a° — &e., 
a 


* The values of S,, from n=1 to n=35, were calculated, to sixteen places of 
decimals, by Legendre (Traité des Fonctions Elliptiques, Vol. 11., p. 482). This table 
is reprinted De Morgan's Diff. and Int. Cale., p.554. The values of S, S,, ..., Sig 
were given in Vol. VIII., p. 190, of the Proc, Lond. Math, Soc. to twenty-two places, 
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whence — 28,4284 2S4 + &e. 
j x dæ 1 E æ da 
=g-T]| —— =g- . 


o tan mg TT tana 


0 
We may also write the value of the series in the form 


x — x logsin rx + | log sin zx dæ, 
0 
which is readily obtained by integration by parts. 


$5. The value of the first quotient in $1 may also be 
deduced from the general theorem in $2; for, by putting 
921, we find 


pi (5) (Sy... (AH) ae 38. LM T 
54 M MI 4n — 1 ' 


whence, raising both sides to the fourth isi à 


(3) (7) Ey (231) = ee Si +3 Sprie 
3) ATI M17 " Ma—- 1 


Now 1.2.3...(4n 4 1) 2 /(27) (4n 1) ^g 971 
and 2.4.6...4n = A (2) 2" (2n) e"; 
whence, by division, 

1.8.5.1... (454-1) a go EI 
Multiplying the above result by this ren we find 


5,9 18957 nt 
8 0.119. (dn D^ 


=/2 (An n)"**@ 3 Sp gh 


$6. The result obtained in the previous papers already 
referred to was* 
Burns deep" 
ThE 4n 3e 7 C^ 
where 


A=- E 
a 


9 UE CNET ET 
(1-3 25 49 a &.) 


1 1 
= 343% at T E 


* Messenger, Vol. VI., p. 192. 
L2 
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s, denoting the series 


1 i v3 1 
il-;2'g;y £r! pr Ke. 


From this result it follows that 


11.55, 9*... (4n +1)" 


= (Aq? 1-4 
3.7119... (in 19i 7 e 


$7. By equating this value of the product to that found 
in $5, we obtain the relations 


} log? +38, ~ ES $5, n+ &e. 


242 
2 1 ] 1 1 
ec (1-5 *35-5* a-&) 


1 1 1 j 
-i-i55 — 4 55 — 485 55 — ke. 
§ 8. The equality of the first two expressions may be 
readily verified: for, by § 4, 
T m 28, née -1- = 


80 that the equation becomes 
i" dr LE d 
PEL EE T = l 1 — a A M ee . 
f tana dr log2 + +( 9 * 25 jt &-): 


which is derivable from the known results 


i 1 1 1 
j. a tana de = - jr log? 4 3 (1-5 tae gte) 


ir 
— — do = im log2. 
ie tanq c= zT 102 


$9. By equating the first and last expressions in $ 7, we 
find 


1 1 
log2-£ 45,1 + $8, 25 + &e.=1- Jo, 5 — do i he. 


I S ieS 
Now $ = (1 -gu) 8, 
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so that the right-hand side when expressed in terms of S’ 
becomes 


1 1 1 1 
1 -isz + Sza 55,554 $8.5 — &c. 


Thus the equation reduces to 


uu E 1 1 
log2=1—$8,5—-§5, 5-4 $557 e 


which may be easily verified: for by § 4, 


1 1 1 9 [i* vds 
35,5 +85, 55+ 18, 5 + he. = 1- = tang 
0 


=I — log2. 

§ 10. It will be noticed that the expression 
35,5 BS 47 5,4: &e. 
is even more convenient for calculation than 
' ds, E t le, 5 + ts, 3t be. 


from which the numerical value of the series 1- $+ J, — &c. 
was obtained to 22 places of decimals in vol. viri. of the 
Proc. Lond. Math. Soc. (p. 200). 


$11. The process employed in 8$ 2 and 3 affords also. the 
value of the quotient 


(a+1)™ (2a +1)... (na 4- 1)" 
(a—1)** (2a-—1)*"... (na— 1)? 


the numerator containing the first n numbers which = 1, mod. a, 
and the denominator the first n numbers which = — 1, mod. a*, 
each number being raised to a power equal to itself. 


* These numbers are of interest in connexion with several arithmetical 
enquiries, and I have suggested that they may be conveniently called the 
Supereven and subeven numbers to modulus a. (Quar. Jour. Math. vol. XXVI., 
p.64). Thus the numbers occurring in the numerators of the quotients in § 1 are 
the subeven numbers to mod. 4 and mod. 8 respectively, and the numbers in the 
denominators are the supereven numbers to the same moduli. 
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For, putting n= in the theorem of § 2, and raising both 


sides to the power a, we find 
(? T1y (= + 3! p. + ji (a + T 
=) 2a — 1 3a4—1/ '"" ina —1 


1 i 
d e of a + 28, qi + &o. 


Now 
(1? — 2?) (2* 25) ... (€ — x’) 


3 2 2 
E 0$ 9t "fr a Med Pd yt 
=172°,3%..0 (1 =) (1 z)- =] 


m m sino 
TE 


z9mJn 


X 1 ; 
Putting n= A. this result becomes 
(a? — 1) (Va — 1)... (na — 1) 22 sin = (na) g^, 


Multiplying the products as before, we find 
plying the p 
(a 4 DU (2a £ 1). 94 te Lye" 
(a — 1)" (2a — 1)^*...(na — 1) i 
1 
$12. If a=8, the factor multiplying the exponential 
= V3 (8n)"", 


=/2 (An), 
agreeing with §§ 3 and 5. 
If a=6, the factor =(6n)”™. 


and, if a=4, it 


$13. It is easy to obtain a corresponding general formula 
in which only uneven multiples of a occur. 
For, proceeding as in §§ 2 and 11, we find 


^! (seti) (at "  ((2n—1)a 4 1] 7? 
a—1/ \Ba-1 ep? "* (2n 2 1)a- 1 


1 ‘i 
m am bs gU + &c. 


? 
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1 1 1 
where jmd al AG um 
Also 


(1? ~ x’) (3°—a’)...{(2n — 1)’ - a} 
=1'.3"...(2n—1)? (1 -5) (1 -3) n -g 


= QU n?" e -2n cos lo, 


so that 
(a? — 1) (2a? — 1)...((2n - 1! a? —1] =2 cos (2an)" e^, 


(a 4- 1)" (3a 4- 1)?...((2n — 1) a+ 1] 07» 


m C Ud NM DR 


U; — Us & 
=2 0057. (2an)"'e P atga tto 


$14. Putting a=2, we find 


qoa r^t 


TART t: +60, 
1'.5*...(4n — 3)" 


494 


= 2 (An)"e 

Dividing by (4n--1)"*' and inverting the quotient, we 
obtain 

pus depen BS won 

EC i i E MUT Cer 


where B=3 tiU, E + &c. 


U, = 


$15. Hrs the result with that found in $5, we find 


-log2+1- 2U, L- U,-. — &c. =38, ETE 
Since 3 S, 


the left-hand side becomes 


— log2 +1- 38, pigg -18 E +28 a- 
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Thus the equation reduces to 


1 


1 
log2 =1— $8,5- $8, 55— &c., 


which is the same as that found in $9. 


$16. We may also obtain without difficulty the value of 
the product ; 
(a 4- 1)*? (2a — 1)** (3a 4- 1)**...(2na — 1)" 
(a i E) (2a 4 Eiai (3a Y 1)'^*...(2na re TN 


in which the signs are alternatively positive and negative in 
the numerator and in the denominator. 
For, proceeding as in $2, if 


= (42) (5:5) (#2) (Rae) 
uF. i2) +a) M-2] az) 4 


then zlogu= 4s, + 43,0°+ is + &e., 
where, as before s deis d £e ee 
y ? PT 9" 3" 4" e 
Thus 


(2 + 3] (s - 3i (s + y (2e = sy" 
a-1/ Varl 3a—1/ '"" \Qna4+1 
1 1 
=o got 3% jo i 
Also 


(a^ — 1) (3a —1)...{(2n— 1) a’ — 1] 
(Er — 1) (#a" — 1)... (Aa - 1) 


1.8%... (2n 2 1? (1 =a) (1 S Fa) ^i mc 


EUN AINE EM 1 1 1 
(1 a3) (1- 23) -(1- 222) 


vis 
e 1 uas T ^ 1 
mn a T 7 7 ma Ba" 
T 2a 
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Thus, by multiplication, we find 


FIP 048—177 (1a Pest rra aita 
(a — 1) (2a 4- 1)'^*... (2na 4 1)"* Dna a 


1 1 1 
where C= 3s, at 25, n 25, at &e. 


§ 17. Putting 2n for n in the result of $ 11, it becomes 
(a + p (2a T pyecr (2na 4 pes 


—2 sin 4 (Ora) Ten 


1 1 1 
where — 4-18. 45, 18, &e. 


Multiplying together this formula and that found in the 
preceding section, and taking the square root of each side of 
the equation, we find 


(a + n (3a T Yr os {(2n Le» 1) a 1m Ue 


T oT 
R^ uin c EM. anal 3(4+C) 
Jt sin = cot (2na) | E. 


which agrees with the formula in $ 13, for the quantity under 
the square root sign 


T 2 JU 4na 
= 4 cos 3; (2na)™, 
and, obviously, 
1 1 1 
4(A+ C)=3U, 54 $U at tUs p + ke. 
Ratios of products in which the exponent is the square of the 
number, $$ 18—43. 


$18. We may readily obtain similar formule in which the 
exponents are the squares of the numbers. 


Thus, let 
NATION ste) (atay Eo 
u= (755) (55) $—oe7 .M-—a27. ? 
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then 


1 feud I 
ilgu-in(ntl)et; (145 tatt 3 


+28.2°+48,2"+ &e., 
and, since 


"sc pF Su plea e 
yi 3. n n EE. y g ? 
we have 

as ne (m+1) 2+ hyrt 28,25 - 3,27 e 
so that 


at+1\" /2a+1 4a? aray” (“+ Je 
Dep (551) (i "Ana — 1 


2 y 1 1 
i ED (n--1)a-- 2 atis a +48, ish a 


§ 19. Let 
v= (* - a) (P — a") ("=a")... (a! — a)", 
then 
log v = log (1*. 2*. 35... n™) 


(145 +5+ tl) 
Tus Sure 
m 15a 74 $Sa - &c.; 
whence 
9 e 1:2*:9*,., n Tu Y? MB Sti 
Now it was shown in Vol. vir. of the Messenger (p. 43) 
that | 
12,8 oe As PHA 
where A is a constant whose value is there assigned. 
Therefore 
?.-n--l—a? An ya?— 1842*— 38,49 — &c. 
p= Any Eno d yat gto Kat, 


and, putting a= - , we find 
| (a! — p“ (Va — 1)“ (8*4! — Da (nta! — iy” 


2 2y 1 1 
! 2 P mol E i 8, = — EO, 
4a 2(n*--n)a 2(n*--n--d)a da 24-2 ~ ^ 1 575 T 


=A 


E 
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$20. Let 
-- (1:5 035) 02529, 


Tt 1 
then 1] -( LEE Ne ig MN 3 
z log w ar War ta TI pe 


TiSx t 1S2" &e., 


so that w = n?” rot 3S e$ She. 
(a — 1) (2a — 1) (3a - VI HS 
2 2y 


See te 


and therefore 


303 +2 S, stems 


$21. Multiplying together the results contained in the 
three preceding sections, we find 


(a+ 1)" (gg 4. 1 0 7*0*/ (gg + 1)” 
(a fa pem (2a — TS ans (a pee 


a 2 
2 (n*--n) a 8 * a na-- 83 AP 


= A" (na) Lopes LUC. j 
aus AIR: EU? 
Where Fe Padgtkergn&$a at ke. 


§ 22. The value of the constant A was expressed in 
Vol. vir. of the Messenger, (p. 46) in the form 


A e gh qi A CH do) 


where s, has the same meaning as in $6; and its numerical 
value was there found to be 


A = 1.28242 7130. 


We can also express A in terms of S’s (instead of s's) as 
follows. 


$23. In the paper just quoted it was shown that 


à 
T = log T (1+ x) dz 
Awa T A . og ( x) } 
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Now 
log (12) -ilogm-jilogz-ilogsinsa 
—-yr—iSzc-iS82-«&e; 
whence 


i $ m 
Í logh (1+a)dz=}log r+} [sage -- =f log sin ada 
[U 0 0 


x|? q*]i "Ub 
p cd DET Lx I^. re ag 
BUE [4] -sli 


1 1 
—ilgmtilgi-i-;-.ivlg;-iy 


foo MEO A duco 
C34 BG 2 n 3 9 
Thus. 
S. 1 Med 
zl EME td J E Mel MOS EN s 
142 log f(i+a)da=} lgar+i-fy coal cer &c.,. 


and therefore 
—uY- Q 
4 = 95s d zY-1i : 


AE OMEN AS 


$24. Substituting this value of A in the formula of § 21 
it becomes 


(a+ "ond (2a + Ung ll (na + 1j ern 
(aD 9 Gic D. da- 4 T. 


ga 2 (n? +n) e) na4-3a—)ya - 8 Y AR 


B =2 (na) n? 3a e a ) 
where 
NETT. a Ro 8 
Ras 5 $ tests s+ &e.) 
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§ 25. By putting a=2 in the formula of § 21, it becomes 
3°.57°... (2n + Dy sro NintAn Inthy+4P 
eg ager Can) ne s 
19" eos (2n P. 1) 


where 
Amo d eu 1 
P-gasmraeir trag gte 
The left-hand side 


4n*44n41 4n*44n41 A rodents 
= (2n +1) —(2n) ^" (12) , 


and, denoting the second factor by v, 
log u = (4n' + 4n + 1) log (1 E =) 


= (4n* + 4n +1) G- "3a t5*) 


Thus, the left-hand side 
San eder 
The right-hand side 
1 A8 fe 4n?+4n+1 2 +P 
mpdt(gu) t WEN, 
so that the equation becomes 
| § =—log2+8 log 4 + jy + 4P, 
that is 
4P=} + log2 — 8 log A — 


§ 26. Itis easy to deduce from Messenger, VII., p. 46, that 


log A = 024875 44770 3, 


the last figure being uncertain. 
We also have 


log2 =0'69314 71805 6, y=057721 56649 0, 
and the right-hand side is thus found to be 


=0°01070 61426 9. 
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. $27. In order to caleulate the value of the series 4P, 
viz. 


S m iyu 


iii 
3.1.5 2° 1.8.9 | pte, 
it is convenient to consider the more general series 
B. Bu EA 8, 
845 4 561 6 189 a zt he 


The value of this series can obviously be obtained much 
more rapidly by transforming it into one in which the terms 
depend upon ,, S/, &c., where 

$,28,—1, $/ 2 8,— 1, &c. 


This transformation may be readily effected for 


1 Ls 1 Tg 1 EET 
S45 0° 641 a 561.89 2 
7310 8 €^ Ne Late id 
a 
ae 1l bees i 
BIS "leq 2s 
+a” 1 
1q?] A 
TN MEET Bi 


Lt 1 
+ Slog (a -1)=aloga-F=—. 


Miis the series in dis 


= e 3! log (a 4-1) = (> 2] log(a — 1) -aloga -2 -— z 
E. cu uq E 
t$45g 567207894 9 


$28. The series 4P of $28 is therefore equal to 
9 log3 — 8 log2 — t? 
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"The first line is found to be 
= (-00899 98202 0, 
and the terms of the series in the second line are respectively 
: 000168 38075 3, 
2 19808 1, 
5176 9, 
158 5, 
5 6, 
p 2, 
giving as the value of 4P 
0°01070 61426 6, 
E ues except in the last figure, with the value obtained 
in $ 26. 


$29. Putting a=1 in the formula of §21 (and noticing 
that the limit of a^ when œ is zero is unity) the left-hand 
member 


9*g* iw 4 ay mpm 

ve 1.94 (n i ian 
1 

^ p nr (1 A =) 


2n?--9n--l nH 
n pai ide add 


2 Pg (n RA Jy NN 


n?--2n4-1 


The right-hand member 
2n?*-2n  n+gy+HP 
edi tW. 
S S S 


3 — — — 
3.4.5 s 5.6.7. . 7.8.9 


where P= 


Thus the equation becomes 
$24log A + $y t 4P, 
that is P= -log A -— dy. 
$30. The right-hand side of the equation is easily found 


to be 
= 0'03004 29121 5. 


www.rcin.org.pl 


160 DR. GLAISHER, ON NUMERICAL PRODUCTS. 


Expressing, as in $27, the series 


We epum 
345" 567* 189 * 9^ 


as the sum of the two series 
1 1 1 
34.5 * bert 1.89 * e 
S, S, re 
gas tiert Tagg + 


we notice that the first series 


and 


n being infinite, 
1 1 1 
= 5 (+2 log2 +logn—y—logn— 1-5 + ) 


—log2-2 
= 0°02648 05138 9. 
The terms in the second series are 
0:00336 76150 5, 
17 58464 5, 
1 65660 3, 
20286 8, 
2879 9, 
449 5, 
15 0, 
13 1, 
2 4, 


4 
giving as the value of P, ; 


0:03004 29121 3, 


which agrees with the value found for the right-hand side of 
the equation, except in the last figure. 
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$31. By putting a=4 in the formula of $$21 and 24, 
we find 
115/599 — (4n f yo 
8*7. 117... (4n —. 1) 9797 
= A (4n)8n*+80 d oH, 


WE B. d Sid 
where qf Al BU uu mn TA 
$453 561578929 
or, substituting for A its value (§ 23) 
2 (dn PM ^ d nt AR 


where a-:(Bi.h ien 


§ 32. On p. 191 of Vol. vr. of the Messenger it was shown 
that, n being even, 


9 749 4412 — E (2n—1)* m 
S. 2. t .e(2n 1) = (20) 493, 4 3 


1.6", 9"... (25 — 3)" 
Um M 8$, 1 8, 1 
wh EIL Sh eee 3: 4 n des 
ere v asg tgp at 79 get 905 
s, denoting, as before, the series 
1 1 I 
WE sd n dudes 


$33. Writing 2n for n in this result, inverting the quotient 
and multiplying by 


: , q vienen 
(án 4- jen 2 (any (1 4 ) 


4n 
- ( An) ^u 
we find 
jt at ge coa pt 
3*79. 119... (4n - 1) 


> $4 T 
93 (4n)*” +8n+8 4 nRET œ 


* The formula given in the bottom line but two of p. 191 of Vol. vr. is correct, 
but the expression derived from it, on the bottom line of the page, is erroneous, 
the factor e1 being omittted. 


VOL. XXIII, M 
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$34. The value found in § 31 may be written 
a (an) 90H iei AR 
so that, by comparing the two values, we have 
-$lg24-itT-$-i$y-4H, 
that is, 4R+ T-211- $y — $log2. 


This result I have verified to five places of decimals, each 
side of the equation being = 0°08921.... 


$35. By putting a —3 in §§ 21 and 24, we find 


11.475,79, (3a 4 1) 4^ 


2*. 5,8%... (8a — 1) 9^7" 
E id d. 83 


2 u 8 
= Á” (3 ay (n?-+n) ate ethyl 


-— ie Hp Ber o a EEA Ds 
where — P-g3 p p terp t ragg 9) 
zn » (3a)° (n?-+n) A y Pad 
8o 1. rA 
where Reitanin & 
EY or T a P E. 8, 1. &o. 


§ 86. Considering now the general product in which 
uneven numbers only occur, and proceeding as in §18, we 
find that 


(: " A (b 4 by (s 3n 1) x les 


a-—1 3a—1 (2n — 1)a4 1 


1 1 1 
ba AP Vati Us st ke. 


where, if r>1, 


1 1 1 
U-ltgtat g t&C, 
1 1 1 
and UC Uti tatit T 
Thus U, = 47 + log2 + 3 logn; 
and therefore ei = 29 eht, 
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163 
$37. Asin $19, we can show that 
(1"— a^ (8! = a°)... ((2n — 1 2," P7" 
| = 1*.8*.5^... (2n - yen et 
where V=U 


N= Ug + YU + 40 2° + &e. 
Now, putting 2n for n in the formula quoted in § 19 
11,27, 3°...(2n)"= A (2n) rte 
and, multiplying the same formula by 2*****?" 
2°, 47.6"... (2n)™ 
whence, by division, 


1.2". 


= Arg QUI m 
= 4*9 n e ; 


"8 (2n m IE (2n - 1)" zd gt hs M Om: e alt 
Substituting this value, we find that 
(a* "x I (B'a M iu 


F ((2n a 1)'a AM d pene 


= 479 (2an) gie ries 190 Paget 


$38. We also have 


(a4 1) (3a + 1)...[(2n —1) a - 1] 20,- 1430; Sts +o. 
(a-1)(3a-1)..((2n-1)a- 1] ° 


$39. Multiplying these results, we have finally 
(a +1) (ga 4. 1) 9*9? ||. (95 — 1) a + 1] 97D 
(a — 1)" (3a — DAA (2n — 1)a — To 


1 
ES U,-+4V 
= A“ (2an) " 39^ ja i 1a : 
U, E 
wh = 
ere V= $45 2 3+ 


i i 
Mb Ries k 

Cia EN att oi 

or, substituting for U, its value, the quotient 

Ste ERT 

ud 2? 3a (2an) an " a 


M2 
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$40. Putting a —2, 


$g*. du-1^4 


-8 8n* — 44V 
1559... (nn) 9 -4^2Qny" atem, 


Ü.T B d Uai 
h S UEM A x EO m 3 
where | Vest +567 ot 7389 at © 


§ 41. Inverting the quotient and multiplying by 
(4n d. ip m 
as in $33, the formula becomes 
1 p25 (4n+1)? : a 
1.55... (4n +1) Er y ( ri 4n d Ani Iy-AV. 
8.79... (4a — 1)? 


$42. Comparing this result with that found in $31, we 
have 


log2 + 8log.44- 3 — $y - 4V 216log.A 4 $y - AP, 


that is, 4P--AV-$-log2—8log.A — 4y. 
pd ai pter $^ 0854 p e 

eg Vast at ger wt aap pt 
Also U,=( -=) S, 

80 that Big Ur Ve 5, 1 


3.4.5 2° ^ 5.6.7 e+ 7.8.9 F 


Thus P+ V is the same as the P of $25, and the above 
equation is the same as the relation found in that section, and 
verified in the three following sections. 


$43. As another verification let a=1 in $39. The 
formula then gives 


U, U, 
we V-345* bé1* 789 
that is, 4V=4logA -log2 — hy. 
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S. S S, 
N = —3.. TEMA MAS 
d V-348 561 759 t9 


3.4.5 2° 5.6.7 am 18.99 


the former series 
—--—4logA--3-$y ($29), 
and the latter 


=— 8log A +3+log2— iy (825), 
so that the equation is verified. 


Calculation of log A, §§ 44—4 . 


$44. The constant A was calculated in the Messenger, 
Vol. vit. p. 46, by means of the series 


3 log A= yy log2 +4 logm — ły + 15,— 15,4 15, — &c. 
It may, however, be calculated more readily by means of 
the formule obtained in §§25 and 29. 
845. Thus, from $25 we have 
8logg4-2-log2-iy—-4P, * 


where pus B dcos: de asco A 
ji 7934.95 * 5.6.7 2 7.8.9 2 


; + &e., 
and, taking the expression for 4P given in $28, we find 
8 log A= 35 —9 logà - 
S Lam. A d 
TOAG 3' 5.6.7 3 7.8.9 : hoi 
from which log.4 may be readily calculated to as many 
figures as the values of Sj, S,',... permit. 
§46. Similarly from § 29 
4 log A= 3 - 2y- 4P, 
3 + Bos 8, 
3.4.5 5.6.7 7.8.9 
In § 30 it was shown that 


where P= 


S, S, 
Pzlog2-—3 Tant $61 7 Åc 
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so that 
4 log A = %5 —8y—4log2 
S, a S d 
wh (s *tEo "T8597 &c.) , 


but this formula does not converge so rapidly as that given in 
the preceding section. 


847. We can obtain another equation for log.4 by com- 
paring the results in 88 31 and 32, but the formula so obtained 
requires the calculation of two series. 


$48. When I wrote the paper upon 1'.2*.3*... n” in 
Vol. vr. of the Messenger (1877) I was not aware that this 
product had been considered before. I have recently found, 
however, that on page 97 of Vol. v. of the Quarterly Journal* 
(1862) the late Mr. H. M. Jeffery gave the formula 


7 C—1la? la?-- lc 4- 
1.2535... af m ul C Vot, 
and determined C as 024875. This Cis the same as log A 


of this paper ($26). Apparently Jeffery did not seek to 
obtain converging series for the calculation of C. 


Values of some other products, $$ 49—55. 
$49. By integrating between the limits z and 0 the 
equation 
log (1 + x) -log(2 + 2) t... -log (n + x) 
= log (1.2.3...) + 8,2 — 48,4* + $8, — &e,, 
1 1 


1 
where Ba=ltgt atin te, 


it is easy to show that 
1 Mes ass ita je 1e (nti)a R 
(1 2)" (2  z) 7... (n m)" —-9 m n e 


124,8. ; 


where R= EE 4s a* — &c. 


* ‘On the expansion of powers of the trigonometrical ratios in terms of series 
of ascending powers of the variables,’ pp. 91—108. 
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A rH 1 T : 
Putting «= » and writing for S, its value y+ logn, the 
equation becomes, when raised to the a™ power, 


(a 4- 1)*" (2a + 1^"... (na +1)" 
Ja 
1 
1 p poten ned sagt X- T 


=2 7 
we EE EN - 
where T-53 278542315 3c key 
whence (a + 1)"* (2a + 14H... (na + g'a 


SA a3. a 2(n?+n)a-+n Eam b -jant44Y- 


$50. By putting a — 1 in this result we do not obtain a 
series for log A, for the left-hand member 


1 Mae —* ond 
e 2*.9*...(n + p^ pax E e, 


and, equating this value to the right-hand member, we find 


A c Moa 


43 347 


This equation can be easily verified; for, by integrating 


= (log2+logr+y)-1. 


ogr (1+ 2)=-ye + MEL 2s 0 z* — &e., 


we find 
8, 
f logr (1 +x) de=- ty +t 3.4 + 75 &3 


and 
1 1 1 
f vera «2 de =| loge de f log (2) de 
the former integral being zero and the latter = } log (277). 
$51. If we put a=2, the right-hand member of the 


equation becomes 
249 —} p72. a 
A® art yr+2nth n” +2n+}4 E In^Hiy x 
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h =? ll —— A — &c. ; 
uisi T-o335 sap aga ^! 
and the left-hand member 
= 8.55... (2n — D) (25) e 
IMP | 9" HH n teat ew (§ 37), 
Equating these values, we find 


8 log A=1+ 4% log2—4 logm -ły 


§ 52. Now, it was found in § 23 that 
BST E n 
8 log A =4 + yy log2 — iy— 34 PT 562 78 
» whence, by equating the values of 3 log 4, 


RE en: 
2.3 2? tiss + 67 3 


+ &.=4} log a — 4. 


$53. To T this equation, we notice that 


S, 2 8, 4 S, 6 
pen =3% un bd ic + &e, 


dog. 
whence, by integration, 


a 5 * E "m &c. = [og + loge - logsin ra) do 


à 
= bloga dog - $7 [ ‘logsine de, 
=tlogm+4log4—4-4flogt=h logw—}h. 
$54. Putting —2» for æ in $49 and multiplying the 


results, we have 


(1 —2)"* (14a)... (n - X) (n +o 
TI Hu 
S, 


S, S, 
9[—l52.. —2 44 6 
us (Fat giat ot pesas. 
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whence we deduce that 
(a A Di (a T b (2a Mm 1)" 
x (2a 4-1)... (na—1)"** (na + 1)" 


1 
(n?+n)a la+- —Jant4-Y +2W 
A Go @ 


= A" (na): E 
where (poss ms» Rie qd 


§ 55. Putting a —2, the left-hand member 
= 85. 5"... (2n — 1) 07 (2n 4. 1)" 
= A” o (on) He 
-292n?4+2n43 2n?+2n+4 —n*l 
=A"? c — WW DU 
and the right-hand member 


— 4«99?n*-2n 9n*-2nà —n*--My-2W 
== 4^2 LS j 


8. 103.8 :3 
I 


1 
where Wz a t+ re of 78 gi + &e. 


Equating these expressions, 
6 log 4=1 +4 log2 -4y -2 W, 


which is the same relation as that found in § 23, W being the 
series which was there denoted by Q. 


. Products in which the exponent is the reciprocal of the number, 
56—69. 


§ 56. I cannot close this paper without drawing attention 
to the very elegant expressions that Prof. Rogel has obtained 
for the products corresponding to those in § 1, but in which 
the exponent is the reciprocal of the number.* 


* Educational Series Reprint, Vol. LX, (1894), p. 66. Question 11968, 
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Starting with the formula 


les c : : 
UR sin 4m + tg? sin bur Jem sin 8um + &c. 


= T (log T (u) +4 log sin yr - (1 — p) log 
- (à- 2) y- G - 9) log2], 


and, taking the exponential of both sides, he obtains the 
general result, 


sin 4um sin6Gur sin8ur (sin um) T (4) - 
2 2 .3 $4 4 IE] 


$57. Putting ~=}, and replacing T (1) by its value 
ant K%, K” being the complete elliptic integral of the first 
kind corresponding to the modulus —- , the formula gives 


V2? 


1 


55,95 1375... (4n 1) t1 — i9 Kim 
Set a ae eg cane ee (eas) ; 
35.73 1175... (4n 2 1*1 


This result is very curious, involving as it does all the 
four constants e, 7, y, K*. 


$58. Similarly by putting w = 4 the corresponding ratio 
involving the subeven and supereven numbers to modulus 3 
is obtained, viz., 


1 2r 
Peo D RD 
Lor Vb Bae 
- 2"T^e 
93.53, gl... (3n — 1) 1 


This result may, as pointed out by Prof. Rogel, be ex- 
pressed in terms of the complete elliptic integral to modulus 
sin 15° by means of the relation 


r'(j) 223*«x, 
K, being the value of K when ke sin 15°, 
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The value of the product so expressed is found to be 
"E Ead 
LEES 48 


AS gi 


$59. For the modulus k = sin 15° we know that 


K 
unm 


if therefore we denote by K, the value of K for the modulus 
k=sin75°, we have K, — 33K. 

The value of the product in the last section may there- 
fore be written also 


LÀ 
pa 


brent 


$60. The series from which the products are derived 
involve the subeven and supereven numbers to the moduli 
4 and 3, with contrary signs. ‘They seem therefore deserving 
of notice on their own account. ‘Taking the results in §§ 57 
and 58 the series-formule may be written 


log3 log5 log?  log9 ee (3 Spat. 
Se eh TT i. 
and 
log2 log4  logg5 log7 -27 ( 21K, 
vi medie TE LOT sad O 4y — log E 


$61. By putting u= $ in § 56, we find 


log2 log4 log5 , log? , log8 _ 
eee uada mE CNN 


i 
E ag ETO. 
V3 9$ m e 


The terms in the series have the positive sign when the 
number =1 and 2, mod. 6, and the negative sign if it 
=-1 and - 2, mod. 6, | 
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$62. The formula of $ 58 may be written 


log2 log4 | log5 log? 4 log8 | 


2 4 5 7 8 


Thus, by adding and subtracting, we find 


log2 log4  log8  logl0 


Ug ou ES S TEN 
C TN 2,3, TQ) 
log5 log?  logll log13 - 
Scat ai: cie 
Ly ee Saray 
y3 5 gi qi giY À 


In the first series the terms are positive or negative» 
according as the number =2 or — 2, mod. 6; and in the 
second series they are positive or negative, according as the 
number =—1 or 1, mod. 6. ‘Thus the second series depends 
upon the subeven and supereven numbers to modulus 6, taken 
with contrary signs. 


§ 63. Since 
r(3))22" 3553 x3 229 at KS, 


we may express the values of the two series in terms of 
K, or K, instead of Gamma Functions. We thus find 


log2 log4 | log8 log10 gn Ed j 
2 e T +e. = 57 log] js 
and 
log5 log?  loglil log13 T 913! Kk, 
5 Ee get e DE + be. =— T log an) 
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$64. Expressed as a product, the last formula becomes 
1 T 


73.1375, 199.. (6n 1). — [n 


AK mer 
55.117177... (65 — 1)" 


$65. We may obtain also the value of the corresponding 
quotient involving subeven and supereven numbers to 


modulus 8. 
For, by putting ~=4% in the general formula of § 56, 


we have 
log2 log6 , log10  logl4 S log 18 a 


taia 10 14 18 
1 /lg3 log5 log? , log9  logil 
EM yen qr ae ET -&.) 

log (ed 4r) r ; 3. 
EN 
E 99m 


The first line 


log 2 A MS: 


er (sg? _ logd - log7 _ log9 á &e.) 


2 5 1 9 
sper 2 T (sin far)? r (1) 
pris g [e NT 


vr (sin 4r)? F (4) 
Es log | ET E 


Thus, substituting this value, 
lg3  log5 log? , log9 , logil - ) 
- RT EE dd qr tete, 
[I sin iz T’ (1) 
=F log ae r(4))? 
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and therefore 
log3 log5 log? , log9 i log 11 LC 


meee — — 


3 5 7 9 11 


_ F sin 47 I’ (3) 
= 3198 DES 
The terms in the series are positive when the number = 1 
and 3, mod. 8, and negative when it — — 1 and — 3, mod. 8. 
$66. Combining this result by addition and subtraction 
with 
logg3  log5 , log7 _log9 , logi! | 


EU. 40 
dg rus) : 
we obtain the values of the series 
4 E LE g € b mn db. 


in the former of which the terms are positive or negative 
according as the number —3 or —3, mod. 8; and, in the 
latter, according as it = — 1 or 1, mod. 8. 


$67. In conclusion I may remark that the value of the 
series 
log3  log5. | log? M log 9 
3° 5° T 9° 
may be expressed by means of the constant A. 
For, integrating the general formula of $56 with respect 
to w between the limits 0 and yw, we obtain the equation 


4 &c. 


— — sin'2ur + "ud sin'ay + E sin'Ay + &e.) 
7 nu : 

=T ij log P (u) dui] log sin uz du 
0 0 


-(&- 4w’) logm— à (u - p) (y +1og2)} . 
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Putting u — 4, we have 


log3  log5 log? , log9 


—— 


3? 5? pgs ETE &c. 7 
i i 
- log (u) da «à | log sin uz dp 
— §logm - § log? - p] 
i 
=f) log T (u) da — § log? Beg - n]. 
$68. Now, from § 23, 
E 
8log 4-14 yy log2- $ log +2 | logT (1-2) dz, 
and : 
i i $ 
f togr +2) de= f loge de + | log P (x) dx 
o y 0 © 


t 
—ilogi-i4 | log FP (x) dx. 
0 
Thus the equation becomes 


i 
3 log A = — 45 log2 — 1 loge +2 | log T (x) da, 
and therefore’ 1 


3 
| log P (w) dæ = £4 log2 + Lloga + $ log A. 


§ 69. Substituting this value of the integral in the formula 
of § 66, we find 


logg3 | log5 log? , log9 
a eee i a 

=T (ġlog A -— $ log2 -4 logm - $y); 
and therefore, expressing this result as a product, 


slo. z (2 y 
NS barter? 


+ &e. 
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